In PG(2, q 3 ), let π be a subplane of order q that is exterior to ℓ ∞ . The exterior splash of π is defined to be the set of q 2 + q + 1 points on ℓ ∞ that lie on a line of π.
Introduction
In this article we investigate subplanes of PG (2, q 3 ) that have order q and are exterior to 1 INTRODUCTION of π, when extended to PG(2, q 3 ), meets ℓ ∞ in a point. The set of points of ℓ ∞ that lie on a line of π is called the splash of π. If π is tangent to ℓ ∞ at a point T , then the splash of π consists of T = π ∩ ℓ ∞ , and q 2 further points. We call this splash a tangent splash, and these were investigated in [3, 4] . If π is exterior to ℓ ∞ , then the splash S contains q 2 + q + 1 points, and we call it an exterior splash. Note that each line of π contains a distinct point of S, and conversely, each point of S lies on a unique line of π. More generally, we can define an exterior splash onto any exterior line. That is, let π be a subplane of order q of PG(2, q 3 ), and let ℓ be an exterior line of π, then the exterior splash of π onto ℓ is the set of q 2 + q + 1 points of ℓ that lie on lines of π.
In this article we will investigate exterior order-q-subplanes and exterior splashes. In Section 2, we show that all exterior splashes are projectively equivalent. Of particular interest is the equivalence of exterior splashes and GF(q)-linear sets of rank 3 and size q 2 + q + 1 which is shown in Section 3. This equivalence allows us to apply results from [9] about linear sets to obtain properties of exterior splashes. Further, we show in Section 4 that exterior splashes are equivalent to covers of circle geometries CG(3, q), and Sherk surfaces of size q 2 + q + 1.
The rest of the article focusses on the relationship between an exterior order-q-subplane and its exterior splash. In Section 5, we use results about sublines of linear sets from [9] to characterise order-q-sublines contained in an exterior splash S in terms of an associated order-q-subplane π. In an analogous manner to [9, Remark 20], we also discuss why projective bundles of conics of π arise naturally as order-q-sublines of S. In Section 5.2, we show that the two families of q 2 + q + 1 sublines in an exterior splash are equivalent in some sense, despite their apparent difference in definition.
A GF(q)-linear set of rank 3 can be obtained by projecting an order-q-subplane of PG(2, q 3 )
onto a line, see [10] . In Section 6.1, we investigate the relationship between this projection construction of a scattered linear set of rank 3, and our construction of an exterior splash.
In Section 6.2, we revisit the tangent splash of a tangent order-q-subplane, and look at the projection in this context.
Finally, in Section 7, we look at two exterior order-q-subplanes that have a common exterior splash, and determine how they can intersect. Further, we show that there are exactly two order-q-subplanes that have a common exterior splash and share a fixed orderq-subline.
paper1-exterior-18˙marchsec:group
If π is a subplane of PG(2, q 3 ) of order q, then we call π an order-q-subplane. If ℓ ∞ is an exterior line of π, then we say π is an exterior order-q-subplane. An order-q-subline of PG(2, q 3 ) is a line of an order-q-subplane, that is, it is isomorphic to PG(1, q).
Points in PG(2, q 3 ) have homogeneous coordinates (x, y, z) with x, y, z ∈ GF(q 3 ). Let the line at infinity ℓ ∞ have equation z = 0; so the affine points of PG(2, q 3 ) have coordinates (x, y, 1).
We can construct GF(q 3 ) as a cubic extension of GF(q) using a primitive element τ with primitive polynomial
where t 0 , t 1 , t 2 ∈ GF(q). Every element in GF(q 3 ) can be uniquely written as a 0 +a 1 τ +a 2 τ 2 with a 0 , a 1 , a 2 ∈ GF(q). We will be doing calculations involving the primitive element τ , where τ 3 − t 2 τ 2 − t 1 τ − t 0 = 0. Useful computations are t 0 = τ τ q τ q 2 , −t 1 = τ τ q + τ τ q 2 + τ q τ q 2 , t 2 = τ + τ q + τ q 2 , and 1/τ = (τ 2 − t 2 τ − t 1 )/t 0 . Further, it is straightforward to show that: phipropindep Lemma 2.1 The elements 1, τ τ q , τ + τ q of GF(q 3 ) are linearly independent over GF(q).
We now investigate collineation groups acting on order-q-subplanes. The main result of this section is Theorem 2.3, that all exterior splashes are projectively equivalent. First we define the notion in PG(2, q 3 ) of conjugate points and lines with respect to an order-qsubplane. Let π be an order-q-subplane of PG(2, q 3 ). There is a unique collineation group of order three that fixes every point of π, let ζ be a generator of this group. Then the points of PG(2, q 3 )\π can be partitioned into sets of size three of form P, ζ(P ), ζ 2 (P ), called conjugate points with respect to π. Similarly, the lines of PG(2, q 3 )\π can be partitioned into sets of size three of form ℓ, ζ(ℓ), ζ 2 (ℓ), called conjugate lines with respect to π.
For example, let π = PG(2, q), then ζ : (x, y, z) → (x q , y q , z q ) fixes every point of π and acts semi-regularly on the remaining points of PG(2, q 3 ). If P is a point of PG(2, q 3 )\PG(2, q), then the conjugate points with respect to the order-q-subplane π = PG(2, q) are P, P q , P q 2 .
If ℓ is a line of PG(2, q 3 )\PG(2, q), then the conjugate points with respect to the order-q-
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The following result determines properties of important groups relating to exterior orderq-subplanes and exterior splashes. The proof is omitted, it is similar to those given in [3] . propthm (c) I fixes exactly three points: ℓ ∩ m, ℓ ∩ n, m ∩ n (which are conjugate with respect to π) and acts semi-regularly on the remaining point orbits.
An important corollary is that the collineation group G = PGL(3, q 3 ) is transitive on the exterior lines of π. Hence G is transitive on pairs (π, ℓ) where π is an order-q-subplane and ℓ is a line exterior to π. Thus G ℓ is transitive on the the order-q-subplanes that are exterior to ℓ, and hence G ℓ is transitive on the exterior splashes of ℓ.
This means that to prove a result about exterior order-q-subplanes, or exterior splashes, we can without loss of generality use a particular order-q-subplane and exterior line, or a particular exterior splash. It enables us to prove in the next section that exterior splashes and certain linear sets are equivalent.
We now consider the order-q-subplane PG(2, q) of PG(2, q 3 ), find an exterior line, and calculate the exterior splash. Further, we determine the Singer group I (defined in Theorem 2.2) for this example. splasheg Lemma 2.4 Let π = PG(2, q) be an order-q-subplane of PG(2, q 3 ).
The line
ℓ = [−τ τ q , τ q + τ, −1] is exterior to π.
The exterior splash
3. Let φ be the homography of PG(2, q 3 ) with matrix
where t 0 , t 1 , t 2 are as in (1) . Then φ is a Singer cycle on the points of π, fixes the exterior line ℓ, and hence fixes the exterior splash of π onto ℓ. The fixed points of Proof We first show that the line ℓ = [−τ τ q , τ q + τ, −1] is exterior to π = PG(2, q). The points of π are of the form (x, y, z), x, y, z ∈ GF(q), not all zero. This point lies on the
not all zero. By Lemma 2.1, τ τ q x−(τ +τ q )y +z = 0 has no solutions with x, y, z ∈ GF(q), not all zero, thus π is exterior to ℓ.
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Note that we can parameterize the line ℓ as ℓ = {E + θE q : θ ∈ GF(q 3 ) ∪ {∞}}, where E = (1, τ, τ 2 ) (so E has parameter 0, and E q has parameter ∞). Consider a line ℓ i of π,
We can write this as
Note that θ
As there are q 2 + q + 1 solutions to the equation 
Proof By Theorem 2.3, all exterior splashes are projectively equivalent, so we can without loss of generality look at the exterior splash S of Lemma 2.4. Recall from the proof of Lemma 2.4 that S contains the points X i = E + θ i E q , with θ i given in (2) . So points in S have coordinates equivalent to (θ i , 1) Proof By Corollary 2.5, an exterior splash is projectively equivalent to the set {ℓ + mτ + nτ 2 ∈ GF(q 3 ) : ℓ, m, n ∈ GF(q), not all zero}, which, together with 0 ∈ GF(q 3 ),
is closed under addition and scalar multiplication by elements of GF(q), thus it forms a GF(q)-linear set of rank 3. It is clear that it contains the required q 2 + q + 1 elements. By [9] , all scattered linear sets of rank 3 are projectively equivalent. Hence exterior splashes and scattered linear sets of rank 3 are projectively equivalent.
This equivalence means that we can use results about linear sets from [9] to deduce properties of exterior splashes. In particular, in Section 5, we use results about order-qsublines in linear sets from [9] to study order-q-sublines in an exterior splash. Further, Lunardon and Polverino [10] showed that a GF(q)-linear set of rank 3 of PG(1, q 3 ) can be constructed by projecting an order-q-subplane α of PG(2,
. In Section 6, we compare this projection construction with our construction of the splash of an order-q-subplane π (namely the intersection of the lines of π with ℓ ∞ ).
First, we show in the next section the equivalence of exterior splashes to covers of circle geometries and certain Sherk surfaces.
Carriers, circle geometries and Sherk surfaces
sec:defcarrier It would be natural to consider the properties of an exterior splash on the line ℓ ∞ merely as points of ℓ ∞ , however, further investigation will show that properties of the exterior order-q-subplane inducing the exterior splash reveals information about the structure of the exterior splash. Further other points on ℓ ∞ are significant to the exterior splash and the exterior order-q-subplane. In this section we will be defining the carriers of the exterior splash, and then relating the exterior splash to circle geometries [6, 7] .
Let π be an order-q-subplane of PG(2, q 3 ) and ℓ a line exterior to π. We use the collineation group I = G π,ℓ from Theorem 2.2(2) that fixes three lines ℓ, m, n, (which are conjugate paper1-exterior-18˙marchwith respect to π) and three points
We define the carriers of π on ℓ to be the two distinct fixed points E 1 , E 2 . Note that the third fixed point E 3 is often of use in our arguments. Recall that if π = PG(2, q) with exterior line ℓ, then the fixed lines are ℓ, ℓ q , ℓ q 2 , so the carriers on ℓ are E = ℓ ∩ ℓ q 2 , E q = ℓ q ∩ ℓ, and the third fixed point is E q 2 . In Corollary 4.3, we will show that although the carriers on the exterior line ℓ are defined with respect to the order-q-subplane π, in fact, the exterior splash S of π on ℓ has two distinct carriers, so we refer to E 1 , E 2 as the carriers of the exterior splash S.
It is straightforward to calculate the carriers for the order-q-subplane PG(2, q) whose
In [6, 7] , Bruck gave a set of axioms for higher dimensional circle geometries. We look at the 3-dimensional case, namely CG(3, q). The points of CG(3, q) can be identified with the points of PG(1, q 3 ), and the circles of CG(3, q) are identified with the orderq-sublines of PG(1, q 3 ). The stability group of a circle is defined to be the subgroup of AutCG(3, q) = PΓL(2, q 3 ) that fixes the circle pointwise. For two distinct points of CG(3, q), let φ(P, Q) denote the group generated by the stability groups of all circles containing P and Q. A cover is defined to be an orbit under φ(P, Q) of any point R distinct from P, Q. In [7] , it is shown that every cover of CG(3, q) has q 2 + q + 1 points, and can be represented in one of the following two ways, using the identification of the points of CG(3, q) with the field GF(q 3 ) ∪ {∞}:
, and f ∈ GF(q)\{0}.
where N is the norm from GF(q 3 ) to GF(q), that is N(x) = x q 2 +q+1 . The points P, Q are called the carriers of the cover. The carriers for a cover of type I are {a, ∞}, and the carriers for a cover of type II are {a, b}. A cover of type II will contain ∞ if and only if
paper1-exterior-18˙marchspiscov Theorem 4.2 Let π be an exterior order-q-subplane with exterior splash S on ℓ ∞ = PG(1, q 3 ) and carriers P, Q. Then S is projectively equivalent to a cover of CG(3, q) with carriers P, Q.
Proof By Theorem 2.3, we can without loss of generality prove this for the exterior splash S of the order-q-subplane π = PG(2, q) onto the exterior line
Lemma 4.1, S has exterior splash S = {E + θE q : θ q 2 +q+1 = −1, θ ∈ GF(q 3 )} on ℓ, and carriers E = (1, τ, τ 2 ) and E q (corresponding to θ = 0 and θ = ∞ respectively). Hence the exterior splash is a cover of type I with a = 0, f = −1.
As the carriers of a cover are unique, we have that although the carriers of an exterior splash are defined in terms of the order-q-subplane, in fact an exterior splash has two unique carriers, which are independent of the order-q-subplane defining the splash. Consider the group of collineations φ(P, Q) of CG(3, q) that fixes two carriers P, Q, then the orbits are covers of CG(3, q). As exterior splashes are equivalent to covers of CG(3, q), we conclude that exterior splashes with common carriers are disjoint. qm1-disjt Theorem 4.4 Given two carriers E 1 , E 2 of ℓ ∞ , there are exactly q − 1 disjoint exterior splashes with carriers E 1 , E 2 .
Sherk [11] , studied objects other than circles and covers in CG(3, q). Representing points of CG(3, q) as elements of GF(q 3 ) ∪ {∞}, a Sherk surface is the set of points satisfying
for f, g ∈ GF(q), α, δ ∈ GF(q 3 ), where N, T are the norm and trace from GF(q 3 ) to GF(q). The Sherk surfaces of size q 2 + q + 1 are precisely the Bruck covers of CG(3, q).
Hence exterior splashes are projectively equivalent to Sherk surfaces of size q 2 + q + 1.
Using the proof of Theorem 4.2, we can calculate the parameters for the Sherk surface paper1-exterior-18˙march Hence the number of order-q-subplanes with a fixed exterior splash is the total number of order-q-subplanes exterior to ℓ divided by the number of exterior splashes on ℓ, that is,
For part 3, let n be the number of exterior splashes through a fixed point of ℓ ∞ , and count in two ways incident pairs (P, S) where P is a point of the exterior splash S on ℓ ∞ . Hence
) and so there are
exterior splashes through a given point on ℓ ∞ .
5 Order-q-sublines of an exterior splash sec:orslsplash In Sections 3 and 4, we demonstrated the relation between exterior splashes and other geometrical objects in their own right. For the remainder of the paper we will primarily consider the relationship between an exterior order-q-subplane and its exterior splash.
In this section we investigate the order-q-sublines contained in an exterior splash, using the results on order-q-sublines in a scattered linear set proved in [9] . We then characterise the order-q-sublines of an exterior splash with respect to an associated exterior order-qsubplane. Finally we consider the characterisation of order-q-sublines of a scattered linear set discussed in [9] , and compare the two constructions.
Sublines in an exterior splash
sec:orslextsplash We begin by discussing a special family of conics and dual conics in an exterior order-qsubplane π. We will show that these special-dual conics correspond to order-q-sublines of the exterior splash of π. Recall the subgroup I = G π,ℓ∞ of G = PGL(3, q 3 ) that fixes an exterior order-q-subplane π and ℓ ∞ (studied in Theorem 2.2(2)). The group I fixes exactly three lines ℓ ∞ , and its two conjugate m, n with respect to π. Further, I fixes exactly three points We can construct two Desarguesian planes from the special conics and special-dual conics.
The incidence structure with points the points of π, lines the (π, ℓ ∞ )-special conics of π, and natural incidence is isomorphic to PG(2, q). Further, the incidence structure with points the points of π, lines the (π, ℓ ∞ )-special-dual conics of π, and natural incidence is isomorphic to PG(2, q).
We now examine the order-q-sublines in an exterior splash. 
Sublines of a linear set and an exterior splash
sec:orsllin-ext In this section we compare the construction of the two families of order-q-sublines in a scattered linear set from [9] with the construction of the two families of order-q-sublines in an exterior splash given in Theorem 5.2.
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In [9] , it is shown that the 2(q 2 + q + 1) order-q-sublines contained in a scattered linear set S of rank 3 are divided into two families, regular and irregular order-q-sublines. These families are defined with respect to a plane in the Bruck-Bose representation of ℓ ∞ ∼ = PG(1, q 3 ) in PG(5, q), see [9, Section 4] for details. Recall from Section 3 that we can construct a linear set S by projecting an order-q-subplane α onto ℓ ∞ from a point P / ∈ α.
In [9, Section 4], a geometric interpretation of regular and irregular sublines is given in terms of such an order-q-subplane α. The regular sublines of S are obtained by projecting the lines of α onto ℓ ∞ . The irregular sublines of S are obtained by projecting a conic C of α onto ℓ ∞ from a point P that lies on the extension of C to PG(2, q 3 ) (these are (α, P P q )-special conics of α).
We compare this geometric construction with the geometric construction of order-qsublines of an exterior splash S arising from the exterior order-q-subplane π. Namely, the order-q-sublines of S are obtained from dual lines (π-pencil-sublines) and (π, ℓ ∞ )-special-dual conics (π-dual-conic-sublines). It would be easy then to conclude that this duality completely describes the order-q-sublines. However, for exterior splashes, it tran- Proof By Corollary 2.5, we can without loss of generality let S = {(x, x q , 0) : x ∈ GF(q 3 )}. It is straightforward to calculate the order-q-sublines of S, they are X = {x P :
P ∈ PG(2, q)}, Y = {y P : P ∈ PG(2, q)}, where
Note that the homography ∆ of ℓ ∞ given in Lemma 4.7 exchanges the two families X , Y, of order-q-sublines of S. That is, the notion of the types of order-q-sublines of an exterior splash S, namely π-pencil-sublines and π-dual-conic-sublines, is not an absolute property of S. The type depends on π, the associated order-q-subplane.
Note that there is an analogous argument for scattered linear sets. Suppose that the exterior splash/scattered linear set S in the above proof is the projection of an order-qsubplane α from a point P onto ℓ ∞ , then under the homography ∆ ′ , we obtain the same linear set S as the projection of an order-q-subplane α ′ from a point P ′ , and the order-qsublines which are regular with respect to α are now irregular with respect to α ′ . That is, the notion of regular and irregular sublines in a fixed scattered linear set S of rank 3 can be interchanged by considering a different associated order-q-subplane that projects the S. We note that [9, Theorem 21] shows the related result that every order-q-subline of ℓ ∞ is an irregular subline of some scattered linear set of rank 3.
6 Projection of order-q-subplanes sec:project
In this section we look further at the relationship between exterior splashes and linear sets.
Recall that a GF(q)-linear set of rank 3 of PG(1, q 3 ) can be constructed by projecting an order-q-subplane α of PG(2, q 3 ) from a point P / ∈ α onto ℓ ∞ ∼ = PG(1, q 3 ). We compare this with our definition of the splash of an order-q-subplane π onto ℓ ∞ , namely the intersection of the lines of π with ℓ ∞ . If π is exterior to ℓ ∞ , then Theorem 3.1 shows that the exterior splash of π is equivalent to a GF(q)-linear set of rank 3 and size q 2 + q + 1. If π is tangent to ℓ ∞ , then [3, Theorem 7.1] shows that the tangent splash of π is equivalent to a GF(q)-linear set of rank 3 and size q 2 + 1. This leads to the question: given an order-q-subplane π, can the splash of π on ℓ ∞ be the same set of points as the projection of π onto ℓ ∞ from some point? We consider the case when π is exterior to ℓ ∞ in Section 6.1, and consider the case when π is tangent to ℓ ∞ in Section 6.2.
Projection and exterior splashes
sec:projext In this section we explain under what circumstances the exterior splash of an exterior order-q-subplane π is equal to the projection of π onto ℓ ∞ . We also discuss a conjecture regarding which exterior splashes of ℓ ∞ can be obtained by projecting a fixed exterior plane order-q-subplane onto ℓ ∞ .
We begin with a lemma that demonstrates a singer cycle that acts on the special conics, and special-dual conics of an order-q-subplane. cgreg Proof By Theorem 2.2(2), I fixes π and hence acts on the projective plane P with points the points of π, and lines the set C of (π, ℓ ∞ )-special conics of π. Consider the orbit C I of C under I. As I is transitive on the points of π there is a constant number n of elements of C I through each point of π. Count the pairs (Q, D) where Q is a point of
As q 2 + q + 1 and q + 1 have no common factors, it follows that q + 1 divides n. However, as P is a projective plane, n ≤ q + 1. Hence n = q + 1 and so |C I | = q 2 + q + 1. Similarly, I acts regularly on the (π, ℓ ∞ )-special-dual conics of π. proj-spl Theorem 6.2 Let π be an exterior order-q-subplane with exterior splash S on ℓ ∞ , carriers E 1 , E 2 , and third conjugate point E 3 . Let P be a point of PG(2, q 3 )\π, then the projection of π from P onto ℓ ∞ is equal to S if and only if q is even, and P = E 3 .
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Proof By Theorem 2.3, we can without loss of generality prove this for the order-qsubplane π = PG(2, q) with exterior splash S onto the exterior line
By Theorem 2.2(2), the group I = PGL(3, q 3 ) π,ℓ fixing π and ℓ is cyclic of order q 2 + q + 1.
It acts regularly on the points and lines of π, and fixes three lines ℓ, ℓ q , ℓ q 2 , and three
) and E q , E q 2 . By Theorem 5.2, there are 2(q 2 + q + 1)
order-q-sublines in S, divided into two families denoted X and Y, one family contains the π-pencil-sublines of S, and the other family contains the π-dual-conic-sublines. As I acts regularly on the points and lines of π, and (by Lemma 6.1) I acts regularly on the (π, ℓ)-special-dual conics of π, we conclude that I acts regularly on the order-q-sublines of X , and acts regularly on the order-q-sublines of Y.
Let P be a point of PG(2, q 3 ) not in π or ℓ, and let L P be the projection of π onto ℓ from P . Suppose that L P = S, that is, the projection of π from P is the same as the exterior splash of π onto ℓ. Recall from the discussion in Section 5.2 that the q 2 + q + 1 order-q-sublines of π are projected onto order-q-sublines of L P = S that lie in the same family, X say. Further, the line joining P to an order-q-subline d in the other family Y meets π in a set of points which form a conic of π whose extension to PG(2, q 3 ) contains P , and hence P q and P q 2 . That is, it is a (π, P P q )-special conic, and so the q 2 + q + 1 (π, P P q )-special conics of π are projected to the q 2 + q + 1 order-q-sublines in Y.
As the group I acts regularly on the order-q-sublines of Y, it induces a Singer cycle on the q 2 + q + 1 (π, P P q )-special conics of π. All these conics have P, P q , P q 2 in common. If P is not a fixed point of this Singer cycle, then the q 2 + q + 1 (π, P P q )-special conics all have the images of P in common, a contradiction as two distinct irreducible conics have at most four points in common. Thus P is a fixed point of the Singer cycle, and P / ∈ ℓ,
It remains to show that for the point P = ℓ q ∩ ℓ q 2 , L P = S if and only if q is even. By Lemma 4.1, we can parameterise the points of S as E + θE q for θ ∈ GF(q 3 ), θ q 2 +q+1 = −1.
Let (x, y, z), x, y, z ∈ GF(q), be a point of π. The line joining this point to P = (r, s, t)
has coordinates [sz − ty, tx − rz, ry − sx]. It meets the line ℓ = [−τ τ q , τ q + τ, −1] in the point E + θE q with parameter
If P = (r, s, t) = (1, τ q 2 , τ 2q 2 ) we see that f q 2 = g, and so θ q 2 +q+1 = 1. Now S is the set of points with parameter θ, where θ q 2 +q+1 = −1, hence the projection L P from paper1-exterior-18˙march
is the same as the exterior splash S of π onto ℓ if and only if q is even.
Suppose we fix an order-q-subplane π and an exterior line ℓ. We consider the set S of all exterior splashes of ℓ obtained by projecting π onto ℓ from a valid point P . If q is odd, then by Theorem 6.2, we will not obtain all the possible exterior splashes on ℓ. We conject that the following situation occurs. proj-lem The following discussion supports this conjecture. We can without loss of generality consider the order-q-subplane π = PG(2, q) and the exterior line
Consider the group J of collineations of ℓ fixing the exterior splash of π, calculated in Lemma 4.7. The only exterior splashes fixed by J are the q − 1 exterior splashes with
Suppose there exists a point P which projects π onto one of these exterior splashes, S i say. Then under J, either P is fixed by J (that is P = E 3 = ℓ q ∩ ℓ q 2 ) or the orbit of P under J is of size q 2 + q + 1. For each point Q in the orbit, as both π and S i are fixed by J, it follows that Q projects π onto S i .
Thus there are at least q 2 + q + 1 points which project π onto S i . Now suppose there is another point W which also projects π onto S i . Recall that the exterior splash S i has two families of order-q-sublines, X and Y. An order-q-subline m of π is projected by P onto an order-q-subline in one of these families, X say. Further, the images of m under J are projected onto order-q-sublines in X . Thus W cannot project m onto an order-q-subline of X , since the point of projection of an order-q-subline is unique. Thus W projects m onto an order-q-subline y of the family Y. Similar to the proof of Theorem 6.2, the lines joining paper1-exterior-18˙march
W to the points of y meet π in a set of points which form a conic of π whose extension to 
Projection and tangent splashes
sec:projtgt Let π be an order-q-subplane that is tangent to ℓ ∞ at the point T , that is, π is a tangent order-q-subplane. The lines of π meet ℓ ∞ in a set S T of q Proof We let L X,P denote the projection of the set of points X of PG(2, q 3 ) onto ℓ ∞ from the point P . Note that if we project the tangent order-q-subplane π onto ℓ ∞ from a point P ∈ ℓ ∞ or P ∈ π, then L π,P does not have enough points to be the tangent splash S T of π. Similarly, if P is a point not on a line of π, then L π,P does not have enough points to be a tangent splash. Suppose we project from a point P / ∈ π that is not on any line of π through the centre T of S T , and suppose L π,P = S T . Let b be an order-q-subline of π not through T , then L b,P is an order-q-subline of S T not through the centre T , contradicting [3, Corollary 7.3] . So this case cannot occur.
So, suppose we project π from a point P / ∈ π that lies on a line of π through the centre T , and suppose L π,P = S T . Let K be the subgroup of PGL(3, q 3 ) π ∼ = PGL(3, q) that fixes T and ℓ ∞ . Consider K P , the subgroup of K fixing the projection point P . Proof Let π be an order-q-subplane with exterior splash S, and let ℓ be a line of π.
Consider the subgroup I = G π,ℓ∞ of G = PGL(3, q 3 ) fixing π and ℓ ∞ . By Theorem 2.2(2) the group I fixes S and is transitive on the points of S. By [4, Theorem 2.5], the subgroup of G fixing ℓ point-wise is transitive on the exterior order-q-sublines on a line m = ℓ. Thus,
given an exterior splash S, the group fixing S is transitive on the exterior order-q-sublines lying on a line through a point of S. Hence the number n of exterior order-q-subplanes containing an order-q-subline ℓ lying on a line through a point of a given exterior splash S is a constant. Thus if we count the pairs (π, ℓ) where π is an exterior order-q-subplane with a given exterior splash S, containing any of the q 3 (q 3 − 1) order-q-sublines ℓ lying on any of the q 3 lines through a point of a given exterior splash S, we get
and so n = 2 as required.
lying on an order-q-subline, or in q+2 points containing an order-q-subline. In Lemma 7.1, we showed that there are exactly two exterior order-q-subplanes that share an order-qsubline and have the same exterior splash. We now show that these two order-q-subplanes do not have any further common points. orspcommonsplash Theorem 7.2 Let π 1 , π 2 be two exterior order-q-subplanes with a common exterior splash S on ℓ ∞ . Then π 1 , π 2 meet in at most q +1 points, that is, π 1 , π 2 meet in 0, 1, 2 or 3 points, or in an order-q-subline.
Proof By Theorem 2.3 and Lemma 4.1, we can without loss of generality let π 1 = PG(2, q) with exterior splash S 1 = {E 1 + θE 2 : θ q 2 +q+1 = −1, θ ∈ GF(q 3 )} on the exterior line ℓ = [−τ τ q , τ q + τ, −1] where E 1 = (1, τ, τ 2 ), E 2 = E q 1 = (1, τ q , τ 2q ) are the carriers of
Let π 2 be an order-q-subplane exterior to ℓ with exterior splash S 2 on ℓ. We show that if Suppose that π 2 and π 1 contain a further common point P = (µ, ν, 0) with µ, ν ∈ GF(q 3 ), P ∈ m. As P ∈ π 1 , we have µ/ν ∈ GF(q).
Let Q = (0, 0, 1) = M ∞ ∈ m, so the line P Q contains an order-q-subline of π 2 . Without loss of generality, by suitable choice of µ, ν ∈ GF(q 3 ), let that order-q-subline be determined by the three points P, Q and T = (µ, ν, 1) = P + Q. That is, π 2 is determined by the quadrangle (0, 1, 1), (0, 1, 0), P = (µ, ν, 0) and T = (µ, ν, 1). Further, π 1 and π 2 both contain the order-q-subline m and the point P .
Firstly, we will show that, if S 2 = S 1 , then µ ∈ GF(q). The order-q-subline n defined by P, Q, T has points N c = P + cQ = (µ, ν, c) for c ∈ GF(q). As the points The matrix A is invertible, so the only solution is κ = κ q = κ q 2 = 0, that is µ = µ q , and so µ ∈ GF(q). Hence π 2 has exterior splash S 1 if and only if µ ∈ GF(q). As µ/ν ∈ GF(q), it follows that ν ∈ GF(q) and so P, T ∈ π 2 ∩ π 1 . Thus π 2 and π 1 share the quadrangle P, T, (0, 1, 0), (0, 1, 1) and so π 2 = π 1 as required.
Conclusion sec:con
In this article we looked at the exterior splash as a set of points of PG(1, q 3 ), and showed its equivalence to GF(q)-linear sets of rank 3 and size q 2 + q + 1, Sherk surfaces of size q 2 + q + 1, and covers of the circle geometry CG(3, q). We also investigated properties of an exterior order-q-subplane and its corresponding exterior splash, in particular relating order-q-sublines of an exterior splash to the corresponding order-q-subplane. Further, we looked at how our construction of exterior splashes related to the projection construction of linear sets.
In future work, we look in the Bruck-Bose representation of PG(2, q 3 ) in PG(6, q), and study exterior splashes in this context, further utilising properties of scattered linear sets of rank 3, as well as properties of hyper-reguli in PG(5, q).
